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The Lattice Boltzmann method (LBM) has proved to yield results with accuracy comparable to approaches based on 2D
multilayer shallow water equations (MSWE) aimed at simulating gravity currents. The rapid diffusion of the LBM stems from
the reduced computational burden required. The handling of complex boundaries is a crucial capability that a numerical
method solving the MSWE must exhibit. In this work we show that an approach employing a Finite Volume scheme to solve
the Lattice Boltzmann equation (FV-LBE) provides the desired ability for boundary representation at the expense of a
reasonable increase in complexity with respect to the LBM approach. In a “time to result” technical framework, the FV-LBE is
far superior, this feature being more important for cases where the smallest-to-highest spatial scale ratio to be represented in
the simulation decreases.

INTRODUCTION

Multilayer shallow water equations (MSWE) are an important
tool in modeling complex flows, such as those caused by density
gradients, e.g., the gravity currents caused by salinity gradients in
estuaries (Fischer et al., 1979; Simpson, 1997).

The systematic derivation of the MSWE for an n-layered liquid
system has recently been proposed by Audusse et al. (2011) for one-
dimensional shallow water flows. The extension to two-dimensional
shallow water flows leads to a mathematical model consisting
of 3n nonlinear, coupled partial differential equations. The main
problems with such mathematical models are the handling of the
nonconservative products describing the momentum exchange
between the layers, and the possible onset of numerical instability,
consequent to the loss of hyperbolicity. The latter is particularly
felt in modeling two-phase flows (Lee and Lyczkowski, 2000).

An alternative modeling tool to the MSWE for multilayered
shallow water flows is the Lattice Boltzmann method (LBM).
The review of Aidun and Clausen (2010) gives a perspective on
the cutting-edge applications of the LBM. Recent applications
to two-layered shallow water flows are given by La Rocca et al.
(2012, 2013). The reason for the rapid development of LBM is
the drastic reduction in the computational burden, consequent to
the possibility of confining nonlinear terms into a single operator.
However, the treatment of complex boundary conditions within the
“classical” formulation of the LBM poses some problems. Indeed,
LBM is formulated on the Cartesian grid, so dealing with complex
boundaries can become rather cumbersome (Zhou, 2004; Chang et
al., 2009). A possible solution to this problem is represented by the
immersed boundary method (hereinafter IB), developed originally
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by Peskin (2002) and recently applied by La Rocca et al. (2013) to
an LBM solving for two-layered shallow water flow. Although
the IB represents a flexible and accurate technique, its intrinsic
iterative nature partially spoils the original LBM efficiency.

Another possible solution is represented by decoupling the
numerical mesh from the lattice structure, and taking recourse to
finite difference (Filippova and Hänel, 1998; Sofonea and Sekerka,
2003), finite element (Lee and Lin, 2001; Lee and Lin, 2003; Shi
et al., 2003; Li et al., 2005; Bardow et al., 2006; Düster et al.,
2006), or finite volume (Nannelli and Succi, 1992; Chen, 1998; Xi
et al., 1999; Ubertini et al., 2004; Patil and Lakshmisha, 2009)
approaches. This last solution is particularly interesting, because it
makes possible the use of unstructured grids, which are able to
deal with complex boundaries in the framework of the LBM.

This work is aimed at assessing the advantages and disadvantages
of using a standard implementation of the LBM algorithm compared
to the Finite Volume formulation of the Lattice Boltzmann equation
(FV-LBE) concerning multilayered shallow water flows. The FV-
LBE model implemented here is first-order accurate, while the
LBM one is intrinsically second-order. The comparison between
two models with different accuracy is carried out in order to
verify whether the simpler formulation can still provide a higher
efficiency that is able to counterbalance the lower accuracy. FV-
LBE is particularly appealing because of the possibility to employ
arbitrarily shaped and dimensioned mesh elements, thus providing a
more natural approach to the representation of complex boundaries.
The basic idea of boundary-fitted computational meshes is to save
computational resources by locally refining the mesh near the areas
of interest, i.e., the boundaries in this case. However, these models
introduce some additional numerical diffusion, especially in the
presence of high ratios of maximum-to-minimum mesh element
size, which needs to be accounted for in order to make a fair
comparison. Other works (Stiebler et al., 2006) have dealt with
the same problem, but the comparison was not carried out in the
presence of complex obstacles, which are expected to enhance
the FV-LBE peculiarities; moreover, the previous works were
not in the field of shallow water flows. Thus, to the best of our




