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On Step Approximation of Water-Wave Scattering over Steep or Undulated Slope
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In this paper, Miles’s variational formulation (Miles, 1967) is extended to study problems of water-wave scattering by steep
slopes. In the procedure for obtaining the solution, the arbitrary bottom profiles are represented by flat shelves separated by
abrupt steps. By applying the stationary condition of the variational formulation, a system of linear equations is obtained with
unknown coefficients that represent the horizontal velocities. Our variational formulation is extended by considering the
evanescent eigenfunctions in the representations of these horizontal velocities. The extended variational formulation is applied
to solving water-wave scattering by using Roseau’s curved bottom profiles of both mild and steep slopes (Roseau, 1976). The
solutions obtained by the extended variational formulation are convergent with Roseau’s analytical solution up to four decimal
places for the mild and steep cases, while the solutions obtained by the traditional variational formulation (Miles, 1967) and the
transfer-matrix method of Devillard et al. (1988) are not accurate enough for the steep case. Furthermore, by using the integral
equation method, the improvement of the proposed method is enforced by two types of bottom profiles considered by Porter
and Porter (2000). Finally, numerical experiments are performed to compare the present method with the extended mild-slope
equation of Porter and Staziker (1995).

INTRODUCTION

The scattering of linear water waves over arbitrary bed topography
is still challenging for researchers since analytical solutions are
rare, except in the case of a constant slope and Roseau’s analytical
solution (Roseau, 1976). Consequently, approximations are required
to solve water-wave scattering over a general bed topography.
For example, Berkhoff (1972) derived a mild-slope equation
(MSE) by integrating the vertical coordinate and thus reducing the
three-dimensional problem to a two-dimensional one. The mild-
slope equation was later modified and extended with additional
higher-order terms by several researchers (Chamberlain and Porter,
1995; Kim and Bai, 2004; Massel, 1993; Porter, 2003; Porter and
Staziker, 1995). In particular, Massel (1993) and Porter and Staziker
(1995) included the evanescent modes and derived the extended
mild-slope equation (EMSE). Alternatively, Kim and Bai (2004)
used Hamilton’s principle and the stream function to derive the
complementary mild-slope equation (CMSE). Chamberlain and
Porter (2006) extended the transformed mild-slope equation (TMSE),
carried out by Porter (2003), to a multi-mode approximation
of surface wave propagating over an uneven bed. They gave a
transformation of dependent variables to simplify their differential
equation system and to raise accuracy to match the full linear
results. In addition, there were other methods applied to describing
water-wave problems, such as the integral equation method (Porter
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and Porter, 2000) and the differential equation method in conformal
transformed domain (Porter and Porter, 2006).

For a two-dimensional problem, if the considered bed profile is
approximated by separate regions with a constant fluid depth in
each subdomain, the solution in each constant-depth subdomain can
be constructed in terms of eigenfunctions. The solutions are then
matched at the vertical boundaries, resulting in a system of linear
integral equations, which must be truncated to a finite number
of terms and solved numerically. Takano (1960) used the direct
eigenfunction matching method (DEMM) for solving the cases of
waves traveling over an elevated sill and a fixed surface obstacle of
normal wave incidence. Kirby and Dalrymple (1983) extended
the DEMM to the problem of waves passing a trench of oblique
incidence.

On the other hand, Miles (1967) derived a variational formulation
by approximating the horizontal velocity at a step by using the
corresponding propagating eigenfunction. Miles (1967) used his
variational formulation to study wave scattering over an infinite
step to a step of arbitrary depth. Mei and Black (1969) applied
the variational formulation to surface-wave scattering over rectan-
gular obstacles. For waves propagating over a sequence of steps,
Devillard et al. (1988) generalized Miles’s variational formulation
by introducing a transfer matrix for representing the combined
effects of all steps. For the case of an arbitrary bottom topography,
O’Hare and Davies (1992) approximated the smoothly-varying
bottom configuration by using a series of shelves that are separated
by abrupt steps, and applied the prescribed method to find the
desired transfer matrix of the problem. Furthermore, O’Hare and
Davies (1993) demonstrated that their solutions are comparable
with those obtained by using the MSE. However, their solutions
converge to pseudo-solutions for steep bathymetry.

Recently, Tsai et al. (2011) extended Miles’s variational for-
mulation by including the evanescent eigenfunctions into the




