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Microorganisms play a vital role in many ecological, environmental and engineering phenomena: Examples include plank-
ton blooms in the oceans and bioreactors for algae fuels. In the last decade, the mathematical models and numerical methods
used in this field have improved significantly. In this paper, we review recent advances in the simulation of the individual
and collective behaviors of swimming microorganisms, as well as discrete modeling of individual microorganisms for simu-
lating large-scale flow structures. Because we have recently reviewed the biomechanical aspects of suspensions of swimming
microorganisms (Ishikawa, 2009), we mainly focus on methodological aspects here.

INTRODUCTION

Microorganisms play a vital role in many ecological, envi-
ronmental and engineering phenomena. Plankton blooms in the
oceans, for instance, are at the bottom of the food chain and affect
the oceanic ecosystem. They sometimes form harmful red tides
in coastal regions of the ocean that cause serious damage to fish
farms. Algae in the oceans absorb much CO2, which affects the
global climate. Microorganisms are also used in bioreactors for
medicine and food, such as bread, cheese and beer. Bioreactors
for algae fuels are currently a hot topic because of the world-
wide energy crisis, and they have the potential to generate an
energy revolution (Service, 2011). Because microorganisms have
a considerable influence on the global environment, industry and
human life, mathematical models that predict their behavior are
an important subject of scientific research.

The flow field around a microorganism can be considered a
Stokes flow, because the size and swimming velocity of a cell are
usually small enough to neglect inertia. In terms of fluid mechan-
ics, then, swimming microorganisms may be modeled as singu-
larities, i.e., multipoles (Kim and Karrila, 1992). When a cell
is denser than the surrounding fluid, external force is generated
on the cell body. Such a microorganism may be modeled sim-
ply by a point force, i.e., a stokeslet. When a cell is neutrally
buoyant, but the center of mass is displaced from the geomet-
ric center (bottom-heaviness), external torque is generated on the
cell body. In this case, a microorganism may be modeled as an
antisymmetric dipole, i.e., a rotlet. When a cell is force-free and
torque-free, but the centers of the thrust and drag forces are dis-
placed, symmetric stress is generated on the cell body. In this
case, a microorganism may be modeled by a symmetric dipole,
i.e., a stresslet. Such singularity modeling of swimming microor-
ganisms is useful, especially when one discusses the far-field flow
disturbance generated by the cell. These fluid dynamics aspects
of swimming microorganisms were recently reviewed by Lauga
and Powers (2009).

Microorganisms are known to show various types of collective
behaviors, such as bioconvection patterns (Pedley and Kessler,
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1992; Hill and Pedley, 2005) and coherent structures in a bac-
terial bath (Dombrowski et al., 2004; Ishikawa et al., 2011).
Formation of bioconvection patterns has been investigated inten-
sively by stability analysis using traditional continuum models.
In the continuum limit, all physical quantities are volume aver-
aged, and the individual motions of swimming microorganisms
are unknown. The coherent structures found in a bacterial bath
have also been investigated intensively by stability analysis using
continuum models, including a kinetic theory, a master equa-
tion, a 2-phase model and nematic hydrodynamic equations (cf.
Ishikawa, 2009). These studies have successfully demonstrated
that the coherent structures develop due to hydrodynamic interac-
tions between bacteria.

In the last decade, mathematical models and numerical meth-
ods used in this field have been improved significantly. In particu-
lar, discrete modeling of individual microorganisms for simulating
large-scale flow structures has advanced due to the rapid growth
of computational power. In this paper, we review recent advances
in the mathematical models and numerical methods for simulat-
ing individual and collective behaviors of individual microorgan-
isms, as well as their suspension properties, in the continuum
limit. Because we recently reviewed the biomechanical aspects of
suspensions of swimming microorganisms (Ishikawa, 2009), we
mainly focus on the methodologies in this paper.

MODELS OF CELL–CELL INTERACTIONS

Modeling the motion of a real microorganism mathematically
is a difficult task, because the shape, locomotion mechanism and
reactions to various stimulations differ between species. Thus, any
mathematical model applied to microorganisms requires simpli-
fications. The size of a microorganism is about 1–100 �m, and
the swimming speed of a microorganism is typically about 1–10
body lengths per s. The flow field around a cell is thus approx-
imated as Stokes flow, where the inertia effect is negligible, and
the viscous effect is dominant.

When N microorganisms exist in Stokes flow, the velocity u at
position x relative to the background velocity u� can be expressed
by the integration of the traction force q exerted on the surface of
all cells (Kim and Karrila, 1992; Pozrikidis, 1992):

u4x5− u�4x5= −
1
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J4x − y5 · q4y5dAn1 (1)




