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ABSTRACT
Evaluation of the ultimate strength and history of collapse of structures in their intact and damaged conditions is one of
the key issues in advanced design techniques based on explicit safety evaluation and collective optimization. This paper describes an efficient method, the Idealized Structural Unit Method, to evaluate the ultimate strength of structures. Its application to offshore frame structures is presented taking account of the nonlinear behavior of members, joints and the structure as a whole. Methods to account for strain hardening, damage effects and local shell buckling are summarized.
Examples are presented to demonstrate the accuracy and efficiency of this method.

INTRODUCTION
Traditionally, structural design has been based on providing a
higher structural capacity at first failure (such as buckling or
yielding) than the anticipated load multiplied by a certain factor of
safety. Loads considered are those frequent occurrence, while extreme loads are not explicitly dealt with. Safety has been taken
into account implicitly based on the value of the factor of safety
and past experience with similar structures.
With the trend towards building ever larger structures and devising different structural layouts to suit new types of structures in
different environments, safety could not be evaluated based solely
on past experience. An explicit consideration of safety is needed
for such structures. At present, two main streams of safety assessment may be recognized. A deterministic approach, where the ultimate strength of the structure (as designed) is compared to the extreme load expected during the lifetime of the structure; and a
statistical approach aiming to estimated the probability of collapse.
In both approaches, evaluation of the ultimate strength under certain circumstances is one of the key issues to be considered.
Many designers also show a great interest in the history of collapse in order to design efficient layouts of structural members
with ample redundancy.
Effects of damage, in the form of fatigue cracks or deformation
caused by accidental loads (such as dents on offshore structures
caused by collision), are also gaining a lot of attention; this is not
only for the purpose of evaluating the safety and serviceability of
a damaged structure, but also for integrated design/inspection/repair optimization at the design stage. In this context also, evaluation of the ultimate strength of the structure in such damaged conditions is an essential step.
In evaluating
ultimate strength, the Collapse Mechanism
Method (Hodge, 1959) has been successfully used, especially with
frame structures. It has been also extended to statistical assessment of safety (Okada et aI., 1983; Murotsu et aI., 1985). The
method is simple, and only the ultimate strength of individual
structural members is required. However, it sometimes turns out
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to be a very lengthy procedure due to the large number of mechanisms to be considered. This method is limited to structures which
do not show significant large displacement effects and do not provide any information on the history of collapse.
A generally reliable theoretical approach to ultimate strength
must take into account the effect of plasticity and large displacement not only on the strength, but also on the stiffness of individual structural members. Such local failures as buckling or plasticity
may cause redistribution of the internal forces, and a structure may
display a highly nonlinear behavior until its ultimate collapse.
Although analytical solutions may be obtained in very simple
cases, for more realistic structures, numerical methods, especially
the finite element method, are a very powerful tool. However, the
limits of cost associated with data preparation and computer time
restrict the size of problems to be handled. Error control is difficult, and it requires long personal experience in order to reduce
the risk of misleading results.
In order to overcome some of these difficulties with offshore
braced frames, many brace models have been proposed. According to Zayas (1981), they may be classified into two groups. The
first consists of the physical theory brace models presented by
Higginbotham
(1973), Nilforoushan (1973) and Singh (1977).
They used a pin-ended model with equivalent effective length and
a plastic hinge at the center. The analytical formulations are based
on assuming an axial force-moment
interaction curve and an
elasto-perfectly-plastic
moment-curvature relationship at the center hinge. The second group consists of the phenomenological
brace models. The basis of these models is to pre-define the shape
of the axial force-axial displacement response of a truss element
representing the brace by employing either mathematical or empirical results. Models of this type have been developed by Higginbotham (1973), Nilforoushan (1973), Singh (1977), Marshall
(1978), Roeder and Popov (1977), Jain and Goel (1978) and Maison and Popov (1980). In these models, however, only the axial
force acting on the member is considered. End moments and/or
lateral load are not taken into account. These, in many cases, have
a large effect on buckling and post-buckling behavior of braces.
For efficient, accurate and reliable analysis of large-size structures of various types, the authors proposed a new method of nonlinear analysis (1974), later named the Idealized Structure Unit
Method (ISUM) (1987), using large structural units as elements
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and representing their idealized elastic large deflection behavior in
concise analytical-numerical
forms and taking account of plastic
behavior with the aid of the plastic node method (Veda et aI.,
1969; Veda and Yao, 1982).
The ISVM has been successfully applied to ultimate strength
analyses of transverse rings (Veda and Rashed, 1974, 1984) and
decks (Veda, Rashed and Paik, 1984, 1986) of a tanker, double
bottom structures (Veda, Rashed and Katayhama, 1987) and offshore structures (Veda, Rashed and Nakacho, 1985; Rashed, Ishihama, Nakacho and Veda, 1987). Several elements have been developed, such as deep girders (Veda and Rashed, 1974, 1984;
Veda, Rashed and Paik, 1984, 1986), rectangular plates (Veda et
aI., 1987; Veda et aI., 1984), stiffened plates «Veda, Rashed and
Paik, 1986), tubular members (Veda, Rashed and Nakacho, 1985;
Rashed et aI., 1987; Rashed, 1980; Veda and Rashed, 1985; Yao,
Taby and Moan, 1988; Yao et aI., 1988; Yao, Fujikubo and Bai,
1989) with particular features and joint models (Veda et aI., 1987).
In this paper, the application of ISVM to offshore structures is
described introducing several idealized tubular members (Veda,
Rashed and Nakacho, 1985; Rashed et aI., 1987; Rashed, 1980;
Veda and Rashed, 1985; Yao, Taby and Moan, 1988; Yao et aI.,
1988; Yao, Fujikubo and Bai, 1989) and joint models (Veda et aI.,
1987).

ISUM OUTLINE
In the ISVM, a structure is divided into a relatively small number of elements. An element is taken as the largest possible structural unit. Each element should have a limited number of nodal
points where the least required number of degrees of freedom is
provided. Such elements may be grouped according to their type.
These types are few for a specified type of structures, such as
jack-up rigs, jackets, etc. Vnder an increasing load, each type of
elements exhibits complicated nonlinear behavior. Therefore, the
behavior of each type of these structural units is investigated
based on fundamental theories, refined theoretical analysis such as
a finite element analysis, and/or experimental studies. The behavior is then idealized, and conditions are formulated for all possible
or expected failures in an element, such as bucking of some components of the element and/or yielding of some areas, etc. Stiffness matrices are also derived in each stage of nonlinear behavior,
i.e., before any failure and after different combinations of failures.
Once failure conditions are established and incremental stiffness matrices for various types of such large elements are derived
and kept ready for use, various types of structures may be readily
modeled and easily analyzed.
The incremental method is suitable for this nonlinear analysis.
At any loading level, knowing the state of failures of each element, the corresponding incremental stiffness matrix can be selected. The assembly of the stiffness matrices of all elements
yields the overall stiffness matrix of the structure.
Vnder the appropriate boundary conditions, a load increment
may be applied, the corresponding structural response may be determined, and the state of failures is examined in each element.
The coordinates of nodal points and stiffness matrices of the elements may then be updated, and load increments may be applied
until the structure shows its ultimate strength.

OUTLINE OF NONLINEAR BEHAVIOR OF
OFFSHORE TUBULAR SPACE FRAMES
Offshore tubular space frames are usually constructed of several tubular chords (legs) braced by a large number of tubular

bracing members. A member running between two joints is usually a prismatic circular tube. The thickness of the members is
sometimes increased locally at the joints to increase their strength.
When an offshore structure of this type is exposed to extreme
loads, structural members exhibit very highly nonlinear behavior.
Many researchers have investigated this highly nonlinear behavior
of tubular members, considered as beam columns (Sherman,
1976; Sherman, Erzurumlu and Mueller, 1979; Chen and Ross,
1977; Han and Chen, 1983; Bouwkamp, 1975; Chen and Atsuta,
1976; Bjorhovde, 1972; and Selberg, 1972).
Based on these studies, an outline of the nonlinear behavior of
these tubular structural members is described.
When a tubular member is subjected to an increasing load, various types of failures may take place, depending on the dimensions
and material of the member, its boundary condition, and the ratio
of the load components.
If the member wall is thick enough, no local shell buckling of
the tube wall may take place under compression (Bouwkamp,
1975). When such a tube of high or medium slenderness ratio is
subjected to a load combination with dominating axial compression, it exhibits failure-free behavior until overall elastic or elastic-plastic buckling occurs. In this case, plastic hinges are formed
at the regions of maximum bending moments (midspan and fixed
or restrained ends). A tube with lower slenderness ratio does not
buckle, and it shows its fully plastic strength, irrespective of the
type of loading.
Thinner tubes may exhibit local shell buckling before or after
the overall buckling.
When bending moment and/or distributed
loads are pronounced, the tube tends to deflect laterally so as to produce plastic
hinges. Once a plastic hinge is formed, the internal forces must
satisfy the condition of plastic strength (with or without strainhardening effect), but the combination of internal forces may
change. The structure with such plastic hinges may sustain further
load increments until the structure collapses plastically forming a
mechanism with a sufficient number of plastic hinges induced, or
when successful internal force redistribution cannot be achieved.
In a tubular frame with simple (un stiffened) joints, joints may
exhibit considerable flexibility in the elastic as well as the elasticplastic ranges. Some joints may reach their ultimate strength.
These may cause excessive deflections and different internal force
distribution in the structure.
In the analysis, the structure may be modeled as a group of prismatic tubular members, modeled by tubular elements, and joint
cans, modeled by joint elements (Fig. I).
The behavior of an element, before and after failures, may be
expressed by the relationship between the nodal force vector and
the nodal displacement vector. As the behavior is nonlinear, the
incremental procedure is used in this method.

IDEALIZED TUBULAR STRUCTURAL

UNIT

(Veda, Rashed and Nakacho, 1985)

Elastic Stiffness Matrix
For a tubular element, if a conventional displacement function,
such as a polynomial of 3rd order is adopted, the geometrical nonlinearity, such as buckling, large displacement, may not be taken
into account with sufficient accuracy unless the tubular member is
divided into many small elements. Naturally, this causes an enormous increase of the total number of degrees of freedom.
In order to accurately deal with the geometrical nonlinearity using one element to model one whole member, a sophisticated dis-
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placement function should be employed. Here, the tubular element
is dealt with as a beam column.

I

The explicit forms of [K] and (dQ are given in Appendix 1.
When the internal axial force is tensile (negative), the same [K]

=

and {dQ} are obtained in which k in a) and a2 (see Appendix I) is

lateral load q (Fig. 2). Six degrees of freedom are considered at each nodal point and j. Nodal
displacement and force vectors, {U} and {R}, may be expressed
as:

replaced by k* = ~IPI/EI
It is to be noted that the effect of the lateral load appears not
3only in {dQ}' but also in [K]. Here, the exact solution-Eq.
of the large deflection differential equations is employed as the
displacement function of the element. Accordingly, the effect of
elastic large deflection is taken into account.

An element is considered to be subjected to nodal force
[Ri RjJT and a linearly distributed

{R}

i

(1)
where

I = [Uxi, Uyi, Uzi, 8xi, 8yi, 8zi]T
{Uj I = [uxj, Uyj, Uzj, 8xj, 8yj, 8zj]T

Ultimate Strength of Tubular Elements
(Veda, Rashed and Nakacho, 1985)

{Ui

= [Pxi,
= [Pxj,

{Rd
(Rjl

Pyi, Pzi, Mxi, Myi, MzilT
Pyj, Pzj, Mxj, Myj, MzjJT

]T = transposed matrix of [ ]

[

Before buckling or yielding takes place, the behavior of the
structural unit dealt with as a beam column may be expressed by
the following differential equation:

(2)

where

wyand

Wz

= lateral deflections in the

xy and zx planes

k = ~ P/ EI is a common variable in the two equations

P = internal axial force

E = Young's modulus
= cross-sectional moment of inertia

I

qy and qz

= components of the lateral load

The nodal force-displacement relationship-Eq.
6-holds
until
the element buckles and/or yielding starts. After yielding has
started, even locally, the stiffness of the element decreases. However, Eq. 6 is assumed to hold in the analysis until the element
buckles, or one or more full plastic cross sections are developed.
In the following, the conditions of the buckling strength and the
full plastic strength of a cross section are represented, and the ultimate strength condition is constructed as the combination of these.
• Buckling Strength
Because one member is modeled by one element, initial out-ofstraightness and residual stresses may not be explicitly considered. These have no effect on the full plastic strength of cross sections. However, they have an effect on buckling strength, which
may be taken into account by using a suitable column curve.
From numerous reports on column strength, suitable column
curves may be selected. In this study, one of those presented by
Chen and Atsuta (1976) is used. The buckling condition is then
derived in terms of a buckling function IE as:

q in y and z di-

rections

(7)

The above two equations may be solved independently. When
the internal axial force P is compressive (positive), the general solution of the first part of Eq. 2 may be written as:
wy

= a cos

kx+b

sin kx+cx+d+

f(qy)

Short columns may attain their full plastic axial compressive
strength P p without buckling. The above equation in this case may
be rewritten as:

(3)

(7')
is dependent on the distribution of the lateral load qy. The
constants of integration a, b, c and d are determined from the
boundary conditions at nodal points and j, in terms of the nodal
displacement {U}. Based on this displacement function, the relationship between nodal force {R and nodal displacement {U}
may be obtained, using the following relations.
The bending moment Mz and axial force Px may be expressed
as:

f(qy)

i

I

(4)

(5)
where Ub = the axial shortening due to bending of the element (see
Appendix I).
Neglecting small terms of higher order, an increment of the
nodal force {dR} may be expressed as follows:
{dR}

where

[K]

+ {dQ} = [K]{

dU}

applied on the element

i

i

• Full Plastic Strength
As the effect of sharing stresses on plastic strength is assumed
to be negligible, the internal shearing forces Py and Pz, and the internal twisting moment Mx do not affect the full plastic strength
interaction relationship. This is expressed by the full plastic function IP as:

(8)

(6)

= the tangential stiffness matrix
= a load vector associated with the distributed load

{dQ}

• Effective Length for Buckling
In the case of three-dimensional frame structures, determination
of the plane of minimum restraint and the buckling configuration
requires a complicated and time-consuming process. However, the
restraining stiffness at nodal points and j about y and z axes may
be obtained from the global tangential stiffness matrix, and the restraining stiffness at and j and then the effective buckling length
may be determined (Selberg, 1972).

where

Mp = the full plastic bending moment of the cross section
P p = the full plastic axial force of the cross section

Eq. 8 may be represented (Fig. 3).
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• Ultimate Strength Interaction Relationship
Depending on the mechanical properties of the element and the nature of the increasing load vector applied on it, the strength reaches
the ultimate strength, which is either the buckling strength, or the
plastic strength, that is, the ultimate strength, which function is 1;;:

Generalized stress I cr} and generalized strain
tion of a unit are defined as:
{cr}={N

IE}

at a cross sec-

Mf,

(11)

Nand M = axial force and bending moment
e and K = average axial strain and curvature.
Then, introducing the strain-hardening effect, the yield condition
may be expressed as:
where

(9)

The assembly of these conditions represents the ultimate strength
interaction relationship of the tubular structural unit (Fig. 3).
Elasto-plastic

(12)

Stiffness Matrix

As the load increases, the ultimate strength condition-for
buckling or fully plastic strength-may
be satisfied at nodal point
i, nodal point j, and/or the location of maximum bending moment
along the element. The internal force vector at such a location
must continue to satisfy Eq. 9. The unit may continue to deform
while redistribution of the internal forces takes place, and the ratios of the components of the internal force vector may change. In
the following, the stiffness equation of such a structural unit is derived considering three separate cases (Fig. 4).
(a) First, let a structural unit in which Eq. 9 is satisfied at nodal
and/or j be considered. A plastic node (Ueda and Yao,
points
1982) is inserted there. Eq. 9 is regarded as a plastic potential, and
the plastic flow theory is applied.
The incremental form of the stiffness equation is derived as:

i

(10)
where

= [Ke] - [Ke][<I>]([<I>]T [K~[<I>])-l[<I>]T
= [{<\>ill<\>jl]
I <\>il = I arp;/aIR }},
I<\>j} = I arpj /aIR}

[KP]

[Ke]

dQP} = elastic-plastic

incremental

}

force vector of the

distributed load

The explicit form of [KP] is shown in Appendix II.
(b) If the condition of ultimate strength is satisfied at point a
where the position of maximum bending moment occurs along the
length of the element, the element is divided at this position into
two beam column elements, ia and aj. A plastic node is inserted at
point a on either element ia or element aj. Considering the condition of nodal points and j, elastic or elastic-plastic stiffness matrices and distributed load vectors are evaluated for the two ele-

coefficient Hb' for a cross section may be de-

Strain-hardening
fined as:

(13)
Hb' in the above may be evaluated

by integrating the stress and
in a cross section. The result may be

plastic strain distributions
shown as:

(14)
C = cro/I cr}T I aj/al cr} }
A and I = area and moment of inertia of cross section

where

Usually, the plastic region extends not only in the cross section
of node
but also over a length liP from node as illustrated in
Fig. 5.
When no distributed loads are acting, the plasticity condition at
node is expressed in terms of nodal force X} as:

ments. Then the extra nodal displacements
at point a are
eliminated in the normal way.
(c) If the magnitude of the axial compressive force reaches that
of buckling, the element is allowed to buckle. The axial force being maintained at the buckling load, the bending moment increases due to the increase of deflection until Eq. 9 is satisfied at
one or both ends and/or any point along the element's length,
where a plastic node is then inserted as in (a) and/or (b).
In (b) and (c), the position of maximum bending moment in the
middle portion of the element is usually very close to the midlength.
In the analysis it may be reasonably assumed at midlength.

i

i

I

(15)
Under loading at node
isfied:

i, the

following condition should be sat-

T

i

Strain-Hardening

Y = yield (fully plastic) function
cro = a parameter expressing the size of the yield surface
"EP = equivalent
plastic strain

i,

[<1>]

I

where

= {<\>i}

drpi

'
{dR}Hbi

(16)

de,!' =0

i

The stiffness of the element evaluated at plastic node should
be equivalent to that of an element with actual elastic-plastic
stress distribution. In other words, the plastic work in both cases
should be the same. From this condition, the strain-hardening coefficient for model displacement at i, Hn/, may be obtained, and
the loading condition rewritten as:
(17)
where

{<\>i }dA.i

=

I

dUP}

= increment

of plastic nodal displace-

ment

Effect (including softening effect)

In deriving Kp (mentioned in the preceding section), the material is assumed to be elastic-perfectly plastic. Consequently, the
size of the plastic strength function rp does not change, even
when the plastic deformation increases. This treatment is satisfactory in most cases. However, the theory has been extended to take
into consideration strain-hardening (or softening) effects (Ueda
and Fujikubo, 1986, under review), which may be essential in
some cases.

The loading condition at a plastic node is expressed by Eq. 17
which includes an additional term H n/ dA.i compared with no
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strain-hardening material. Except this, following the same procedure as for elastic-perfectly-plastic
material (Veda and Yao,
1982), the incremental stiffness equation is obtained in the form:
(18)
Where

[KP]
[KP]

[H']

= [Ke] - [Ke][<I>]([H'] + [<I>]T [Ke][<1>])-l
= elastic-plastic stiffness matrix
= matrix composed of strain-hardening

where [Ks] = translational and rotational matrix, whose explicit
form is given in Appendix III.
As nodal displacement {Us} is transmitted to node i by the
rigid element, {Us} may be represented in terms of {Ui} in the
following form:

[<I>]T[Ke]

(22)
U· } = [[t]0
IUs}

coefficients

0

[I]

U·}
J1Ui}=[TsJ1Ui}

U·}

for nodal displacement
where

[I]

JOINT MODEL

{Rs}

In the structural analysis of frames, members are usually assumed to be connected rigidly to each other at nodal points. The
first step of improvement of this treatment is to introduce a rigid
joint model to a joint can so as to maintain the true length of each
member for evaluation of the stiffness and locations of plastic
hinges.
However, in a tubular frame with simple (un stiffened) joints,
the joint may exhibit considerable flexibility in the elastic as well
as the elastic-plastic ranges. Some joints may reach their ultimate
strength. These may cause excessive deflections and different internal force distribution in the structure. To take these into account, one most conventional method is to use shell finite elements for joint cans and beam elements for the members. This
treatment introduces an excessive number of elements and nodes
which require enormous modeling and computation time.
In order to overcome this difficulty, in the scope of the ISVM,
joint models based on simple elements with elastic-plastic behavior have been developed (Veda, Rashed and Nakacho, 1987). Joint
models for T, Y, TY, K, and V joints have been developed. Here, a
single joint model, for T and Y joints, is described.
T and Y joints are modeled by a group of elements a, b, and CT
or Cy (Fig. 6). Elements a and b represent cord and brace respectively, and element CT or Cy account for wall deformation, exhibiting elastic-plastic behavior. CT or Cy are composed of a rigid
element and an elastic-plastic element (Fig. 7). The behavior of a
joint model of this type in the plane of the joint (x-z plane in Fig.
6) is considered, since the out-of-plane loads are usually small. In
this model, there are three nodes, i, s and j. External load is applied to node j on the brace end and is transmitted to node i on the
chord center line. Node s is an internal node and the stiffness
equation of this joint model is expressed as the relationship of
nodal forces to nodal displacements at nodes i and j. This relation
is derived in the following way:
Nodal displacement vector {Us} at s is defined in the same way
as Eq. 1:
(19)
Similarly, nodal force vector

= [pxs

{Rs}

Pys Pzs Mxs

= transformation matrix
= unit matrix

In the same way as with the nodal displacement, the nodal force
is expressed as:

(Veda, Rashed and Nakacho, 1987)

{Rs}

[t]

at s:
Mys

Mzs

r

The stiffness equation for the elastic-plastic
pressed in the elastic range by:

(20)
element

is ex-

(21)

(23)
R-} = [[t]0
IRs}

R·}
o J1Ri}=

[I]

R·}
[TsJ1Ri}

The stiffness equation of the joint element may then be derived
as:
{R}=[K]{U}

where

{R}
[Ke]

(24)

= [RiR-]T,
{U} = [Ui Uj]T
= [Ts]t [Ks][Ts] = elastic stiffness matrix

When the components of internal force in element
isfy the plasticity condition

CT

or

Cy

sat-

(25)

a plastic node is inserted at j, and the stiffness equation
pressed in an incremental form as:

is ex-

(26)
where

[KP]

=

[KP]

= elastic-plastic stiffness matrix

[Ke] - [Ke]

[<1>]([<1>]
[Ke][<1>])-l

[<I>]T [Ke]

H' = strain hardening (softening) coefficient
The explicit form of the matrix is the same as that of case (b) in
Appendix II.
In a similar way, a joint model for K joint has been proposed
(Fig. 8). In this model, in addition to rigid elements and elastoplastic elements, a beam element is introduced to express the interaction between the two braces.

TUBULAR ELEMENT CONSIDERING
THE INFLUENCE OF LOCAL DENTING
AND OVERALL BENDING DAMAGES
Accidental loads may act on bracing members due to supply
boat collisions or objects dropping from platform decks. Such accidentalloads
lead to local denting and/or overall bending damages. The strength reduction of members due to damage may have
serious implications when a structural system is exposed to severe
environmental loads before a repair is made. For nonlinear analysis using the ISVM, a tubular element considering the influence of
bending and denting damage has been proposed (Rashed, 1980;
Veda and Rashed, 1985; Yao, Taby and Moan, 1988).
The configuration of a dent is idealized as in Fig. 9 (Rashed,
1980; Veda and Rashed, 1985). The relationship between the
force and the bending moment at the flattened bottom part of the
dent is expressed as:
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(27)
Introducing the fully plastic condition at the bottom part of the
dent, the reduced plastic strength of this part is written in the following form:
Fdp

= Dacry(

~ 4fl2 +t2 - 2fl)

(28)

Yao, Taby and Moan (1988) multiply an empirical coefficient,
80t/D, to Eq. 28 to include the effect of D/t ratio. This plastic
strength of the dented part may be used to evaluate the full plastic
strength function of the cross section of the element at the dent.
The element is then divided into three regions (Fig. 10). Considering the boundary conditions at the nodal points and continuity conditions at the boundaries between these three regions, the
relationship between nodal forces and nodal displacements in the
elastic state is derived as follows (Veda and Rashed, 1985):
{R}

where

= [Kes

]{V}

+ {L} + {C}

(29)

I = nodal forces
I = stiffness matrix in a secant form
{VI = nodal displacement
{L I = equivalent nodal force due to initial deflection

The elastic stiffness equation in an incremental form is the same
as Eq. 6. The elastic incremental analysis is continued until the ultimate strength is attained.
The elasto-plastic stiffness matrix is then calculated for this element as in the case of an ordinary tubular element with the necessary modification on the ultimate strength function, so as to take
account of the effect of local shell buckling. In the elasto-plastic
range, the initiation of local shell buckling is checked based on a
strain criterion (Yao, Fujikubo and Bai, 1989). The strain at the
cross section of a plastic node is evaluated with an axial force, P,
and a bending moment M related by the following:

M=M

1t

P

P

cos---dM
p
2 Pp

( Ppjn

(31)

The part of the cross section at a plastic node where the compressive strain exceeds the critical buckling strain is considered to
have locally buckled. The fully plastic stress distribution for this
state is illustrated in Fig. 12. The fully plastic strength interaction
relationship is expressed as:

{R

r

{Kes

p

I

nodal force due to the eccentricity
{C = equivalent
caused by the dent
The elastic stiffness equation in a tangential form is obtained
from Eq. 29.
Performing
the overall incremental
analysis, the ultimate
strength analysis of the dented portion is also performed simultaneously in an analytical manner based on the equilibrium conditions. If the ultimate strength is attained at a certain incremental
step, a plastic node (Veda and Yao, 1982) is introduced at the
middle of the dented part. The analysis hereafter is similar to that
of ordinary tubular elements except for the fully plastic strength
interaction relationship, which is written as:

(30)

Eq. 30 is for the case where the dent bottom line is located perpendicular to the plane of bending, and the dent is in the compression side of bending. The fully plastic strength interaction relationships for general cases are given by Veda and Rashed (1985),
as illustrated in Fig. 11.

TUBULAR ELEMENT CONSIDERING
LOCAL SHELL BUCKLING
Tubular bracing members in semi-submersible
drilling units
have such diameter-to-thickness
ratios that local shell buckling
takes place after the ultimate strength of a member has been attained. In order to simulate such behavior, a tubular element has
been proposed by Yao, Fujikubo, Bai, Nawata and Tamehiro
(1988) and Yao, Fujikubo and Bai (1989).
In the elastic range, the influence of initial deflection in the
overall mode is taken into account. The ultimate strength analysis
is also performed simultaneously in an analytical manner at the
most stressed cross section based on the equilibrium condition.

=M-Md-M

where

p

cos - --2PP
[1t( Pp

P
Fdj

+-22P+-M
a]

1

sma=O
.

(32)

Fd and Md = the axial force and the bending moment at

the locally buckled part.
a = half the angle of the buckled part as indicated in
Fig. 12.
a in Eq. 32 is a function of the plastic components of the nodal
displacements, uP,and SP.As a result, Eq. 32 reduces to:
(33)

rp(p,M,uP ,SP)= 0
The condition to maintain the plastic state is expressed as:

ar
dr =-p
p
ap

ar

ar

ar

dM+-P
du+-P
dS=O
aM
aup
asp

dP+-P

(34)

The third and the fourth terms represent the influence of local
buckling. The elasto-plastic stiffness matrix is derived from Eq. 34.
Although the parameter n in Eq. 31 may be chosen between 8
and 12, the results of analysis are very close to each other. The
post-local buckling behavior is well simulated with this element.
The exact estimation of n and the critical local buckling strain remains as a future work.

PROCEDURE

OF ANALYSIS

In the analysis, a structure is divided into the above developed
tubular elements, and the incremental load method is used. First,
the structure free from loading is considered. The incremental
stiffness matrix of each element is constructed and transformed
into the global coordinates. The global incremental stiffness matrix of the whole structure is then assembled. After the boundary
conditions are introduced, the first load increment is applied. The
deformation of the structure is obtained, and the internal forces in
each element are evaluated. Each element is then checked for
buckling and/or plastification.
Since the stiffness matrix of the tubular element is dependent
on deformation and internal forces, a new stiffness matrix is constructed and transformed into global coordinates for each element
after each load increment. The global stiffness matrix is reassembled, and the next increment of load is applied.
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When buckling and/or plastification of a structural unit or units
are detected within a loading step, the load increment is scaled
down to what is just necessary to cause such failure. This prevents
the internal force vectors from shooting out of the ultimate
strength interaction surfaces.
The ultimate strength of the structure is detected by consideration of excessive plastic deformation.
Following the procedure outlines in the foregoing, a computer
program, NOAMAS, has been completed.

NUMERICAL

EXAMPLES

a) Tubular element
Fig. 13 presents examples of comparison among test results of
18 tubular members subjected to axial compression and end bending moments (Kjeoy and Foss, 1980), results of elastic plastic
large deformation finite element analyses, and results obtained using the tubular element of ISUM (Ueda, Rashed and Nakacho,
1985). In the finite element analyses, a member is divided into 8
beam column elements with large deflection and plastic capabilities. Each element has 40 integration points along the circumference of the member at the middle of the element. It may be seen
that the ISUM element is capable of accurate representation of the
behavior of tubular member. Of particular practical interest, loss
of stiffness prior to ultimate strength and post-buckling loss of
strength are accurately predicted.
b) Strain-hardening effect
The elasto-plastic behavior of a cantilever beam of a rectangular cross section is analyzed by the plastic node method and FEM
with consideration of the strain-hardening effect as indicated in
Fig. 14 (Ueda and Fujikubo, 1986, under review). A vertical load
P and axial force F are applied proportionally. In the analysis by
FEM, the beam is divided into 10 elements in length and 20 layers
in depth. From comparison of the results, it is shown that the element has a capability to predict accurately.
c) Tubular element with damages
Fig. 15 shows the results of analysis of a damaged tubular column under axial compressive load with eccentricity (Yao, Taby
and Moan, 1988). Damage is in the form of dent and overall bending. The results are compared with experimental results. The
ISUM model is seen to accurately simulate the actual behavior of
the test specimen both before and after the ultimate strength. In the
axial force-axial strain curve, the unloading and reloading paths are
also plotted. These calculations are easily performed by changing
only the sign of the load increment. It may be seen that this unit is
applicable not only for a monotonic loading, but also for cyclic
loading and for the overall collapse analysis of a system.
d) Joint models
In order to assess the capability of the present model to accurately represent the nonlinear behavior of actual joints, analysis of
the nonlinear behavior of a "K" joint subjected to different loading conditions is carried out using the finite element method (shell
model) and the present joint model, and the results are compared
to each other. Dimensions and material properties of the "K" joint
used in the comparison are shown in Fig. 16.
In the analysis by the present model, joint stiffness constants
are calculated according to the equations and methods presented
by Ueda, Rashed and Nakacho (1987). The yield strength of each
individual joint is, however, taken according to finite element results in order to avoid errors involved in the ultimate strength

equations available in the literature, and to limit the errors to those
due to the modeling itself.
Load-displacement
relationships under various loading conditions evaluated by the finite element analysis and those evaluated
by the present model are compared, and some examples are
shown in Fig. 17.
It may be seen that the present model represents the behavior of
joints with satisfactory accuracy.
e) Ultimate strength of jack-up rig in survival condition
A three-legged jack-up rig illustrated in Fig. 18 is analyzed by
the ISUM. Its particulars are indicated in Table 1. Each leg is a
lattice structure composed of three chords braced in K system and
arranged as shown in Fig. 19. The rig is designed according to the
rules of classification societies to operate in the North Sea.
The rig is fitted with toothed clamps to support vertical forces
between the legs and the platform. Tubular elements are used to
model the chords and braces, while joint elements are used to
model joints. The platform (deck) is considered as a rigid body.
The connections of legs to the platform are shown in Fig. 20.
Clamps are modeled by equivalent springs parallel to the chords
of the legs. Leg guides are modeled such that the legs may deform
until the clearance between the chords and guide is closed up.
Once a chord comes into contact with a guide, relative motion
normal to the chord is presented, while friction is not taken into
account.
The survival loading
loads, boundary of the
loads are kept constant.
proportionally starting
reached. The direction

condition in waves is considered; gravity
legs and wind loads are applied as initial
The extreme wave load pattem is applied
from zero until ultimate strength has been
of wind and wave loads are as shown in

Fig. 19 such that the severest condition may be produced in leg A.
The relationship between the applied wave load and horizontal
displacement of the deck is shown in Fig. 21. Initial displacement
caused by the initial load may be observed. Failures occur in only
one leg, close to the clamps and leg guides. Because of the presence of clamps, which have large stiffness, the bending moments
applied on the legs at their connections with the platform are supported directly by axial forces in the leg chords. Forces in the
braces between the guides do not grow very large, while axial
forces in the chords continue to increase. Therefore, buckling of
the braces is not observed while plastic zone spreads in one leg
chord until the rig collapses. Almost no redistribution of internal
forces to the other two legs is observed after the first yield until
collapse. This indicates that redundancy of the three-legged jackup rigs is very small.
In this case the collapsed leg may be regarded as a cantilever
which collapsed in bending. Ultimate load is found to be 1.62
times the design extreme wave load.
The model has 1953 nodes and 2568 elements; 29 steps are carried out to reach ultimate strength. The analysis requires 6000 seconds of CPU time on a CRA Y I computer to be completed.

SUMMARY AND CONCLUSIONS
In the above, the ISUM is outlined. Elements used in the analysis of offshore tubular frames are presented, namely, a tubular element, a tubular element with strain-hardening capability, a damaged tubular element, a tubular element with shell buckling
capability and joint elements for T and Y joint.
Examples of analysis demonstrating
the accuracy and efficiency of this method are also presented. It may be seen that this
method produces results with accuracy similar to that of a care-
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fully performed FEM analysis, while requiring only a small fraction of modeling and computing efforts required by the FEM to
analyze similar structures. This makes this method practical for
application to actual large-size offshore structures.
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APPENDIX I
EXPRESSIONS FOR NODAL MOMENTS, SHEARING
FORCES AND SHORTENING DUE TO BENDING

Introducing the expressions for wyand wz into the above equation and performing the integration, ub may be obtained and expressed as:

In the case where the element is subjected to a linearly distributed load qm
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APPENDIX II
EXPLICIT FORMS OF THE ELASTIC-PLASTIC
STIFFNESS MATRIX AND INCREMENTAL
DISTRIBUTED LOAD VECTOR
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Fig. 7 Idealized Y joint element
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Fig. 8 Idealized K joint element
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Fig. 15 Behavior of damaged tubular element under axial compression with eccentricity
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Fig. 16 Dimensions and material properties of K joint

Fig. 18 Calculation model for survival conditions
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Fig. 19 Arrangement of legs, chords and braces
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Reaction forces on jacking units and leg guides
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Principal particulars of jack-up rig

